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We consider polynomials orthogonal on the radial rays in the complex plane as well as
some applications of such polynomials. Beside the problems on existence and uniqueness
of such polynomials, we give a numerical construction of these polynomials. We describe
a discretized procedure, in particular for Jacobi weights on the rays, and analyze a special
case of so-called two-sided Chebyshev polynomials. A distribution of zeros in a general
case is included.

Some interesting special classes of orthogonal polynomials when the rays are dis-
tributed equidistant in the complex plane, with equal lengths and the same weights on
the rays are also considered. A recurrence relation for these polynomials, a connection
with standard polynomials orthogonal on the real line, and a differential equation are
derived. It is shown that their zeros are simple and distributed symmetrically on the
radial rays, with the possible exception of a multiple zero at the origin. An analogue
of the Jacobi polynomials and the corresponding problem with the generalized Laguerre
polynomials are also treated. Finally, some applications of these polynomials in physics
and electrostatic are discussed.

1. Introduction

In this paper we study orthogonal polynomials on the radial rays in the complex

plane. Let M ∈ N, as > 0, s = 1, 2, . . . ,M , and 0 ≤ θ1 < θ2 < · · · < θM < 2π. Putting
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Fig. 1.1: The rays in the complex plane (M = 6)

εs = eiθs , s = 1, 2, . . . ,M , we consider M points in the complex plane, zs = asεs ∈ C,

s = 1, 2, . . . ,M , with different arguments θs. Some of as (or all) can be ∞. The case

M = 6 is shown in Figure 1.1.

We define an inner product (f, g) by

(f, g) =
M
∑

s=1

e−iθs

∫

ℓs

f(z)g(z) |ws(z)| dz,(1.1)

where ℓs are the radial rays in the complex plane which connect the origin z = 0

and the points zs, s = 1, 2, . . . ,M , and z 7→ ws(z) are suitable complex (weight)

functions. Precisely, we suppose that the functions x 7→ ωs(x) = |ws(xεs)| = |ws(z)|

(z ∈ ℓs; s = 1, 2, . . . ,M) are weight functions on (0, as), i.e., they are nonnegative on

(0, as) and
∫ as

0
ωs(x) dx > 0. In the case when as = +∞ all moments must exist and

be finite.

The inner product (1.1) can be also expressed in the form

(f, g) =
M
∑

s=1

∫ as

0

f(xεs)g(xεs) ωs(x) dx.(1.2)



orthogonal polynomials on the radial rays

In a simple case when M = 2, θ1 = 0, θ2 = π, (1.2) becomes

(f, g) =

∫ a1

0

f(x)g(x) ω1(x) dx +

∫ a2

0

f(−x)g(−x) ω2(x) dx,

i.e.,

(f, g) =

∫ b

a

f(x)g(x) ω(x) dx,(1.3)

where we put a = −a2, b = a1, and

ω(x) =











ω1(x), 0 < x < b,

ω2(−x), a < x < 0.

Thus, it reduces to the standard case of polynomials orthogonal on (a, b) with respect

to the weight function x 7→ ω(x).

Using the characteristic function of a set A, defined by

χ(A; z) =











1, z ∈ A,

0, z /∈ A,

and putting L = ℓ1∪ ℓ2∪ . . .∪ ℓM , the inner product (1.1) can be expressed in an usual

form

(f, g) =

∫

L

f(z)g(z) dµ(z),(1.4)

where the measure dµ(z) is given by

dµ(z) =
M
∑

s=1

ε−1
s |ws(z)|χ(ℓs; z) dz.(1.5)

The paper is organized as follows. In Section 2 we develop preliminary material on

existence and uniqueness of the orthogonal polynomials on the radial rays in the com-

plex plane, and in Section 3 we consider numerical construction of these polynomials.

We describe a discretized procedure, in particular for Jacobi weights on the rays, and

analyze a special case of so-called two-sided Chebyshev polynomials. A distribution of

zeros is discussed in Section 4. In Section 5 we consider the complete symmetric cases

when the rays are distributed equidistant in the complex plane, with equal lengths

and the same weights on the rays. We give the recurrence relation for polynomials in
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such cases, as well as a connection with standard polynomials orthogonal on the real

line. Also, we show that their zeros are simple and distributed symmetrically on the

radial rays, with the possible exception of a multiple zero at the origin. An analogue of

the Jacobi polynomials and the corresponding problem with the generalized Laguerre

polynomials are treated in Section 6. Finally, some applications of these polynomials

in physics and electrostatic are discussed in Section 7.

2. Moments, Existence, and Uniqueness

First we see that

‖f‖2 = (f, f) =
M
∑

s=1

∫ as

0

|f(xεs)|
2ωs(x) dx > 0,

except when f(z) = 0. The moments are given by

µp,q = (zp, zq) =
M
∑

s=1

εp−q
s

∫ as

0

xp+qωs(x) dx,

i.e.,

µp,q =
M
∑

s=1

εp−q
s µ

(s)
p+q,(2.1)

where µ
(s)
p are single moments which correspond to the weight function x 7→ ωs(x) on

the rays ℓs,

µ(s)
p =

∫ as

0

xpωs(x) dx, s = 1, 2, . . . ,M.

Notice that

µp,p =
M
∑

s=1

µ
(s)
2p > 0 and µq,p = µp,q.

Using the moment determinants

∆0 = 1, ∆N =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

µ00 µ10 · · · µN−1,0

µ01 µ11 · · · µN−1,1

...

µ0,N−1 µ1,N−1 · · · µN−1,N−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

, N ≥ 1,

where the moments are given by (2.1), we can state the following existence result for the

(monic) orthogonal polynomials {πN(z)}+∞
N=0 with respect to the inner product (1.2).
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Theorem 2.1. If ∆N > 0 for all N ≥ 1 the monic polynomials {πN(z)}+∞
N=0, or-

thogonal with respect to the inner product (1.2), exist uniquely and the norm is given

by

‖πN‖ =

√

∆N+1

∆N

.(2.2)

Proof. Write

πN(z) =
N
∑

ν=0

α(N)
ν zν , α

(N)
N = 1,

and consider the orthogonality conditions

(πN , zk) =
N
∑

ν=0

α(N)
ν (zν , zk) =

N
∑

ν=0

α(N)
ν µν,k = KNδkN , k ≤ N,

where KN = ‖πN‖
2 6= 0 and δkN is the Kronecker delta. These conditions are equivalent

to the system of linear equations




















µ00 µ10 · · · µN0

µ01 µ11 · · · µN1

...

µ0N µ1N · · · µNN





















·



















α
(N)
0

α
(N)
1

...

α
(N)
N



















=





















0

0

...

KN





















.(2.3)

Since ∆N+1 6= 0 the system (2.3) has a unique solution for the coefficients α
(N)
ν .

For the monic polynomials we have α
(N)
N = 1 and

α
(N)
N =

KN∆N

∆N+1

= ‖πN‖
2 ∆N

∆N+1

= 1,

i.e., ‖πN‖
2 = ∆N+1/∆N . ✷

It is clear that such monic orthogonal polynomials can be expressed in the form

π0(z) = 1,

πN(z) =
1

∆N

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

µ00 µ10 · · · µN−1,0 1

µ01 µ11 · · · µN−1,1 z
...

µ0,N−1 µ1,N−1 · · · µN−1,N−1 zN−1

µ0,N µ1,N · · · µN−1,N zN

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

, N ≥ 1.
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In some cases it is possible to evaluate the moment determinants in an explicit

form and so get the corresponding orthogonal polynomials. The following symmetric

case was considered in [13].

Let as = 1, θs = 2π(s − 1)/M , s = 1, 2, . . . ,M , with Legendre weight on the rays

(ωs(x) = 1 for each s). Then, the inner product (1.2) reduces to

(f, g) =
M
∑

s=1

∫ 1

0

f(xεs)g(xεs) dx,

and the moments (2.1) to

µp,q = (zp, zq) =











M
p + q + 1 , p ≡ q(mod M),

0, otherwise,

i.e.,

µMi+ν,Mj+ν =
M

M(i + j) + 2ν + 1
, 0 ≤ ν ≤ M − 1, i, j ≥ 0.

The corresponding moment-determinants can be evaluated as

∆Mn = E(0)
n E(1)

n · · ·E(M−1)
n ,

∆Mn+ν =
ν−1
∏

i=0

E
(i)
n+1

M−1
∏

j=ν

E(j)
n , 0 < ν < M,

where E
(ν)
0 = 1 and

E(ν)
n =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

µν,ν µM+ν,ν . . . µM(n−1)+ν,ν

µν,M+ν µM+ν,M+ν . . . µM(n−1)+ν,M+ν

...

µν,M(n−1)+ν µM+ν,M(n−1)+ν . . . µM(n−1)+ν,M(n−1)+ν

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

The value of E
(ν)
n is

E(ν)
n = Mn2 [0!1! · · · (n − 1)!]2

n−1
∏

i,j=0

[M(i + j) + 2ν + 1]

.

Using (2.2) we find

‖πMn+ν‖
2 =

E
(ν)
n+1

E(ν)
n

=















M
2ν + 1 , n = 0,

M
2nM + 2ν + 1

(

2n−1
∏

k=n

M(k − n + 1)
Mk + 2ν + 1

)2

, n ≥ 1,
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where 0 ≤ ν ≤ M − 1.

These formulas enable us to obtain the explicit expressions for coefficients in the

corresponding recurrence relation for polynomials orthogonal on the symmetric rays.

Such considerations will be given in Section 5. For more details see the references [11]

and [13].

3. Numerical Construction of Polynomials

In this section we present a numerical method for constructing orthogonal poly-

nomials as well as a method for zero finding of such polynomials. We suppose that for

a given inner product the corresponding orthogonal polynomials {πk(z)}+∞
k=0 exist. In

particular, some special cases of Jacobi weights will be considered.

Thus, let πk(z) (k ∈ N0) be monic polynomials orthogonal with respect to the inner

product (1.2). Since πk(z)−zπk−1(z) is a polynomial of degree at most k−1 and πj(z),

j = 0, 1, . . . , k − 1, form a basis of Pk−1, it is clear that for any integer k ∈ N, there

exist constants βkj, j = 1, . . . , k, such that

πk(z) = zπk−1(z) −
k
∑

j=1

βkjπj−1(z), k ∈ N.(3.1)

Because of orthogonality, the coefficients βkj are given by

βkj =
(zπk−1, πj−1)

(πj−1, πj−1)
(1 ≤ j ≤ k; k ∈ N).(3.2)

For a fixed N ∈ N we put

qN(z) = [π0(z) π1(z) . . . πN−1(z)]T , eN = [0 0 . . . 0 1]T .

Then, the previous relations can be represented in a matrix form

zqN(z) = BNqN(z) + πN(z)eN ,(3.3)
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where BN is the following lower Hessenberg matrix

BN =



























β11 1 0 · · · 0

β21 β22 1 · · · 0

...
. . .

βN−1,1 βN−1,2
. . . 1

βN,1 βN,2 · · · βN,N



























.(3.4)

Let ξj ≡ ξ
(N)
j (j = 1, . . . , N) be zeros of πN(z). Then (3.3) reduces to the eigenvalue

problem

ξjqN(ξj) = BNqN(ξj).

Thus, ξj are eigenvalues of the matrix BN and qN(ξj) are the corresponding eigenvec-

tors.

According to (3.3) one can obtain the following determinant representation of the

monic polynomials

πN(z) = det(zIN − BN),

where IN is the identity matrix of the order N .

For computing zeros of πN(z) as the eigenvalues of the matrix BN we use the

EISPACK routine COMQR [17, pp. 277–284]. Notice that this routine needs an upper

Hessenberg matrix, i.e., BT
N . Also, the Matlab can be used.

We remark that in the case of the standard orthogonal polynomials on the real line,

the matrix BN reduces to a tridiagonal matrix and (3.1) is then the well-known three-

term recurrence relation. The reason for this is the basic property (zf, g) = (f, zg)

satisfied by the inner product. Therefore, (zπk−1, πj−1) = (πk−1, zπj−1) = 0, i.e.,

βkj = 0 for j < k − 1.

Regarding to the inner product (1.2), we have (see [13]):

Lemma 3.1. If there exists any ρ ∈ N such that ε2ρ
s = 1 for each s = 1, . . . ,M , then

the inner product (1.2) has the property

(zρf, g) = (f, zρg).(3.5)
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Theorem 3.2. Let the inner product (1.2) satisfies (3.5). Then the monic polynomials

{πN(z)}+∞
N=0 satisfy a (2ρ + 1)-recurrence relation

zρπN(z) = πN+ρ(z) +

N+ρ−1
∑

j=N−ρ

α
(N)
j πj(z), N ≥ ρ.(3.6)

Proof. Writing

zρπN(z) = πN+ρ(z) +

N+ρ−1
∑

j=0

α
(N)
j πj(z), N ≥ 0,

we see that (zρπN , πj) = α
(N)
j (πj, πj) for 0 ≤ j ≤ N + ρ− 1. However, because of (3.5)

and orthogonality, we have (zρπN , πj) = (πN , zρπj) = 0 for ρ + j < N . Thus, α
(N)
j = 0

for j < N − ρ. ✷

Of course, the minimal ρ with the previous property is interesting in applications.

Such ρ provides the simplest form of the recurrence relation (3.6).

Regarding to the previous remark on the standard orthogonal polynomials on the

real line and the basic property (zf, g) = (f, zg), we see that in this case we have two

rays (M = 2) with ε1 = 1 and ε2 = −1. It is easy to see that ρ = 1 satisfies the

condition of Lemma 3.1, so that (3.6) becomes a three-term recurrence relation.

3.1. Discretized Stieltjes-Gautschi procedure

In order to determine π0(z), π1(z), . . . , πN(z), in a general case of the inner product

(1.2), we must compute the matrix BN . Because of that, we consider here an effective

method for numerical calculation of the elements βkj in (3.2).

At first we suppose that all as are finite. Then, we transform the integrals in (1.2)

to the interval (0, 1) and obtain

(f, g) =
M
∑

s=1

∫ 1

0

asf(asεsx)g(asεsx) Ωs(x) dx.(3.7)

where Ωs(x) = ωs(asx), s = 1, 2, . . . ,M .

In order to evaluate the integrals in (3.7) we need n-point Gaussian quadratures

∫ 1

0

φ(x)Ωs(x) dx =
n
∑

ν=1

λ(n,s)
ν φ(τ (n,s)

ν ) + Rn,s(φ),(3.8)
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which are exact for all algebraic polynomials of degree at most 2n − 1. Thus, in this

way we get a discretized form of the inner product

(f, g) ≈
M
∑

s=1

as

n
∑

ν=1

λ(n,s)
ν f(asεsτ

(n,s)
ν )g(asεsτ

(n,s)
ν ) ,(3.9)

which is very easy for computing.

In the cases when some of as (or all) are infinity we should use certain quadratures

over (0, +∞) depending on the corresponding weight functions.

Since the maximal degree of polynomials which appear in the inner products in

(3.2) is 1+(k−1)+(j−1) ≤ 2N −1, it is enough to take n = N nodes in the previous

quadratures. In that case, the all elements βkj in the lower Hessenberg matrix (3.4)

will be computed exactly, except for rounding errors.

In numerical construction of the Hessenberg matrix BN we use some kind of the

Stieltjes procedure (cf. [4]) and call it as the discretized Stieltjes-Gautschi procedure.

Namely, we apply (3.2), with inner products in discretized form (3.9), in tandem with

the basic linear relations (3.1).

Since π0(z) = 1, we can compute β11 from (3.2). Having obtained β11, we then use

(3.1) with k = 1 to compute π1(z) for all {asεsτ
(N,s)
ν } to obtain its values needed to

reapply (3.2) with k = 2. This yields β21 and β22, which in turn can be used in (3.1) to

obtain the corresponding values of π2(z) needed to return to (3.2) for computing β31,

β32, and β33. Thus, in this way, alternating between (3.2) and (3.1), we can ‘bootstrap’

ourselves up to any desired order N .

In a numerical implementation of the previous procedure it is very convenient to

use the Matlab.

3.2. Jacobi weights on the rays

In this section we consider polynomials orthogonal with respect to the inner prod-

uct (1.2), i.e., (3.7), when the corresponding weight functions ws(z) on the radial rays

ℓs, s = 1, 2, . . . ,M , are defined by

ws(z) = (zs − z)αszβs , αs, βs > −1 (s = 1, 2, . . . ,M).
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Fig. 3.1: Zeros of π10(z) for Legendre weight (left) and different Jacobi weights (right) on

the rays

In other words, on the each of the rays (z = xasεs, zs = asεs, εs = eiθs), we have a

Jacobi weight with parameters αs, βs, i.e.,

|ws(z)| = |asεs − z|αs |z|βs = aαs

s (1 − x)αsxβs (z ∈ ℓs)

for each s = 1, 2, . . . ,M .

Then (3.7) becomes

(f, g) =
M
∑

s=1

a1+αs

s

∫ 1

0

f(xasεs)g(xasεs) (1 − x)αsxβs dx.(3.10)

Thus, in this case (3.8) are the Gauss-Jacobi quadratures transformed to the inter-

val (0, 1). For a selected N , using the discretized Stieltjes-Gautschi procedure we can

compute the matrix BN . It gives us access to the first N + 1 orthogonal polynomials

πk(z), k = 0, 1, . . . , N . As we have seen on the beginning of this section, the eigenval-

ues of the matrix BN are zeros of the polynomial πN(z). Of course, the zeros of πk(z)

(1 ≤ k ≤ N) are the eigenvalues of the leading principal submatrix Bk.

The case of a polynomial of degree 10, which is orthogonal on the rays defined by

z1 = 3, z2 = 4e3πi/7, z3 = 2e2πi/3, is presented in Figure 3.1. The zeros of the polynomial

are denoted by ∗ . We considered two cases of the weights: (a) the Legendre weight
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on each of the rays (the left figure); and (b) the Jacobi weights with parameters:

α1 = β1 = −1/2, α2 = β2 = 1/2, and α3 = −β3 = 1/2 (the right figure).

3.3. Two-sided Chebyshev polynomials

In this subsection we consider some special cases when M = 2, a1 = a2 = 1,

θ1 = 0, θ2 = π, and weights on the rays are pairs of the Chebyshev weights of the first,

second, third, and fourth kind, shifted to (0, 1), i.e.,

w(1)(x) =
1

√

(1 − x)x
, w(2)(x) =

√

(1 − x)x ,

w(3)(x) =

√

x

1 − x
, w(4)(x) =

√

1 − x

x
.

Thus, for the weights on the rays we take the pair (w(p), w(q)), where p, q ∈ {1, 2, 3, 4}.

According to (1.3) we have standard polynomials orthogonal on (−1, 1) with respect

to the weight function

ω(x) = ω(p,q)(x) =











w(p)(x), 0 < x < 1,

w(q)(−x), −1 < x < 0.

The corresponding orthogonal polynomials will be called the two-sided Chebyshev poly-

nomials of (p, q)-type and denoted by C
(p,q)
k (x), where p, q ∈ {1, 2, 3, 4}. These (monic)

polynomials satisfy the basic three-term recurrence relation

C
(p,q)
k+1 (x) = (x − α

(p,q)
k )C

(p,q)
k (x) − β

(p,q)
k C

(p,q)
k−1 (x), k = 0, 1, . . . ,

C
(p,q)
−1 (x) = 0, C

(p,q)
0 (x) = 1.

Notice that ω(q,p)(−x) = ω(p,q)(x), and therefore

α
(q,p)
k = −α

(p,q)
k and β

(q,p)
k = β

(p,q)
k (k = 0, 1, . . .).

Thus, it is enough to investigate only cases when p ≤ q. In Figure 3.2 we display

the weights x 7→ ω(p,q)(x), when (p, q) run over the following sequence of pairs: (1, 1),

(1, 2); (1, 3), (1, 4); (2, 2), (2, 3); (2, 4), (3, 3); (3, 4), (4, 4).
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Fig. 3.2: The weight functions x 7→ ω(p,q)(x) for 1 ≤ p ≤ q ≤ 4
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Evidently, α
(p,q)
k = 0 for p = q, because the weight function is even. By A(p,q)

and B(p,q) we denote the sequences of recursion coefficients {α
(p,q)
k }+∞

k=0 and {β
(p,q)
k }+∞

k=0,

respectively.

For an even weight function, the recursion coefficients B(p,p), p = 1, 2, 3, 4, are

B(1,1) =

{

2π,
3

8
,
17

48
,
161

816
,
12723

43792
,

2413235

10924816
,

91312277

332155120
, . . .

}

,

B(2,2) =

{

π

4
,

5

16
,
17

80
,

381

1360
,

23525

103632
,

7746713

28681680
,

8004121533

34304267920
, . . .

}

,

B(3,3) =

{

π,
5

8
,
13

80
,

321

1040
,
14185

66768
,

4092673

14570832
,

3233397369

14290354832
, . . .

}

,

B(4,4) =

{

π,
1

8
,

5

16
,
17

80
,

381

1360
,

23525

103632
,

7746713

28681680
, . . .

}

,

respectively. Also, we give coefficients for two non-symmetric cases ((p, q) = (1, 2) and

(p, q) = (1, 3)):

A(1,2) =

{

7

18
,

607

5058
,−

518309

5069802
,

8485627223

85691074386
,−

49034107172287781

524482597302736618
, . . .

}

,

B(1,2) =

{

9 π

8
,

281

1296
,

405945

1263376
,
1334618773

6510275280
,

498086602437333

1804645097447120
, . . .

}

;

A(1,3) =

{

1

12
,−

43

390
,

95157

882310
,−

1592897243

29467538694
,

380934910863589

14965099689812742
, . . .

}

,

B(1,3) =

{

3 π

2
,

65

144
,
20361

67600
,
141107265

737013904
,
23393297835017

75403589058576
, . . .

}

.

In Figure 3.3 we presented the graphics of two-sided polynomials C
(1,1)
k (x) and

C
(1,2)
k (x) for k = 2, 3, 4, 5.

4. Distribution of Zeros

One of the most relevant questions relating to orthogonal polynomials is their

zero distribution. A general result on this subject and a few numerical examples are

presented here.

Let πN(z) (N ∈ N0) be monic polynomials orthogonal with respect to the inner

product (1.1), i.e., (1.4), where the measure dµ(z) is given by (1.5). Let Co(B) denotes
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Fig. 3.3: Two-sided polynomials C
(1,1)
k (x) (left) and C

(1,2)
k (x) (right) for k = 2(1)5

the convex hull of a set B ∈ C (i.e., the smallest convex set containing B) and let

E = supp(dµ) be the support of the measure dµ(z). Since E ⊂ L = ℓ1 ∪ ℓ2 ∪ . . . ∪ ℓM ,

using a result of Fejér (see [15] and [22]), we can state:

Theorem 4.1. All the zeros of the polynomial πN(z), N ∈ N, orthogonal with respect

to (1.4) lie in the convex hull of the rays L = ℓ1 ∪ ℓ2 ∪ . . . ∪ ℓM .

Furthermore, an improvement of Fejér’s result holds (see [15]):

Theorem 4.2. If Co(supp(dµ)) is not a line segment, then all the zeros of the poly-

nomial πN(z) lie in the interior of Co(supp(dµ)) ⊂ Co(L).

In order to illustrate the previous results, we consider again the example from

Subsection 3.2 with three non-symmetric rays defined by z1 = 3, z2 = 4e3πi/7, z3 =

2e2πi/3. As we can see in Figure 3.1, the zeros of π10(z) are in the convex hull of the

rays. Notice also that some of zeros lie on the rays, and others not.

More precise results on zero distribution of polynomials πN(z) can be obtained in

some special (symmetric) cases. Such kind of investigation in details will be given later.

Now, we consider two cases on the symmetric rays in the complex plane.

In the first example we put M = 3 equidistant distributed rays zs = ei2π(s−1)/3,

s = 1, 2, 3. Taking the Legendre weight on the each rays (αs = βs = 0, s = 1, 2, 3)

we get a complete symmetric case. In that case, all the zeros are on the rays and

symmetrically distributed. The case N = 16 is presented in Figure 4.1 (left). We note

that five zeros are located on the each of the rays and one zero is at origin.
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Fig. 4.1: Zero distribution for M = 3, N = 16 (left) and M = 8, N = 20 (right)

In the second example we take M = 8 rays symmetrically distributed in the complex

plane, such that zs = eiθs , where θs = (s − 1)π/4, s = 1, 2, . . . , 8. On the other side,

we take different Jacobi weights on the rays, with parameters given in Table 4.1.

Table 4.1: The parameters αs and βs in the Jacobi weights on the rays ℓs

s 1 2 3 4 5 6 7 8

αs −3/4 −1/2 −1/4 0 1/4 1/2 3/4 1

βs −1/2 1/2 −1/2 1/2 −1/2 1/2 −1/2 1/2

The zeros of the corresponding polynomials π20(z) orthogonal on these rays with

respect to the given Jacobi weights are displayed in Figure 4.1 (right). As we can see

there exists a non-symmetricity in the zero distribution, which is influenced by different

Jacobi weights.

5. Complete Symmetric Cases

This section is devoted to orthogonal polynomials on the equidistant distributed

rays in the complex plane, with equal lengths and the same weights on the rays. Thus,
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we consider the cases when as = r, θs = 2π(s − 1)/M , and

|ws(z)| = |ws(xεs)| = ω(x) (z = xεs ∈ ℓs)

for each s = 1, 2, . . . ,M . Then, the inner product (1.2) reduces to

(f, g) =

∫ r

0

(

M
∑

s=1

f(xεs)g(xεs)

)

ω(x) dx.(5.1)

In particular, two cases are interesting: r = 1 and r = +∞.

The first consideration of such orthogonality was given in [11], with an even number

of rays (M = 2m). We investigated the existence and uniqueness of the (monic)

polynomials {πN(z)}+∞
N=0 orthogonal with respect to the inner product (5.1). Similar

considerations when M is an arbitrary number of rays were investigated in [13, 14].

Since εM
s = 1 for each s = 1, 2, . . . ,M , according to Lemma 3.1 we see that for

ρ = M the required condition in this lemma is always satisfied, so that the monic

polynomials {πN(z)}+∞
N=0 satisfy the recurrence relation (3.6) (see Theorem 3.2). Fur-

thermore, if M is an even number, for example M = 2m, then there exists a smaller

integer ρ which satisfies Lemma 3.1: ρ = M/2 = m.

5.1. Recurrence relation

At first we give some auxiliary results. We note that the single moments µ
(s)
p ,

which are appeared in (2.1), not depend on s in this case, so that µ
(s)
p = µp and

µp,q = µp+q

(

M
∑

s=1

εp−q
s

)

. The last sum can be found in an explicit form.

Lemma 5.1. For p ∈ N let n = [p/M ] and ν = p − Mn. Then

M
∑

s=1

εp
s =

M
∑

s=1

εν
s =











M, if ν = 0

0, if 1 ≤ ν ≤ M − 1.

Lemma 5.2. The polynomials πN(z), N = 0, 1, . . . , orthogonal with respect to the

inner product (5.1) satisfy

πN(zεs) = εN
s πN(z), s = 1, 2, . . . ,M.
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Lemma 5.3. For 0 ≤ ν < N ≤ M − 1, we have (zN , πν) = 0.

Lemma 5.4. For N = 0, 1, . . . ,M − 1 we have πN(z) = zN .

The proofs of these results are very easy and can be found in [11, 13]. Now, we

give the main result:

Theorem 5.5. The monic polynomials {πN(z)}+∞

N=0 satisfy the recurrence relation

πN+M(z) = (zM − αN)πN(z) − βNπN−M(z), N ≥ 0,(5.2)

with

πN(z) = zN , N = 0, 1, . . . ,M − 1,

where the recursion coefficients are given by

αN =
(zMπN , πN)

(πN , πN)
(N ≥ 0), βN =

(πN , πN)

(πN−M , πN−M)
(N ≥ M)(5.3)

and βN = 0 for N < M .

Proof. According to (zMf, g) = (f, zMg) and Theorem 3.2, the monic polynomials

{πN(z)}+∞

N=0 satisfy the recurrence relation (3.6), with recursion coefficients α
(N)
j =

(zρπN , πj)/(πj, πj) for N − ρ ≤ j ≤ N + ρ − 1, where ρ = M . Since

(zMπN , πj) =

∫ r

0

(

M
∑

s=1

(xεs)
MπN(xεs)πj(xεs)

)

ω(x) dx

=

∫ r

0

(

M
∑

s=1

xMεN
s πN(x)εj

sπj(x)

)

ω(x) dx

=

(

M
∑

s=1

εN−j
s

)

∫ r

0

xMπN(x)πj(x)ω(x) dx,

using Lemma 5.1, we conclude that (zMπN , πj) is different from zero only for N −j = 0

and N − j = M . Thus,

πN+M(z) = zMπN(z) − α
(N)
N πN(z) − α

(N)
N−MπN−M(z).

Since

α
(N)
N−M =

(zMπN , πN−M)

(πN−M , πN−M)
=

(πN , zMπN−M)

(πN−M , πN−M)
,
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we get the recursion coefficients in (5.2) as αN = α
(N)
N and βN = α

(N)
N−M . ✷

Using (5.2), it is very easy to get the corresponding recurrence relation for or-

thonormal polynomials π∗
N(z) (= πN(z)/‖πN‖)

zMπ∗
N(z) =

√

βN π∗
N−M(z) + αNπ∗

N(z) +
√

βN+M π∗
N+M(z).(5.4)

Let N = Mk + ν, where k = [N/M ] and ν ∈ {0, 1, . . . ,M − 1}. Taking the

recurrence relation (5.4) for k = 0, 1, . . . , n−1 and for a fixed ν, we obtain the following

matrix relation

zMq(M)
n,ν = J (ν,M)

n q(M)
n,ν +

√

βnM+ν π∗
nM+ν(z) en,

i.e.,

(zMIn − J (ν,M)
n )q(M)

n,ν =
√

βnM+ν π∗
nM+ν(z) en,(5.5)

where q
(M)
n,ν = [π∗

ν(z) π∗
M+ν(z) · · · π∗

(n−1)M+ν(z)]T , In is the identity matrix of the

order n, and J
(ν,M)
n is the symmetric tridiagonal Jacobi matrix determined by

J (ν,M)
n =

































αν

√

βM+ν O

√

βM+ν αM+ν

√

β2M+ν

√

β2M+ν α2M+ν
. . .

. . . . . .
√

β(n−1)M+ν

O
√

β(n−1)M+ν α(n−1)M+ν

































.

According to (5.5) one can obtain the following determinant representation of the monic

orthogonal polynomials

πN(z) = πnM+ν(z) = zν det(zMIn − J (ν,M)
n ).

For fixed ν ∈ {0, 1, . . . ,M − 1} and M we define a sequence of real polynomials

{p
(ν,M)
n (t)}+∞

n=0 such that

p(ν,M)
n (t) = det(tIn − J (ν,M)

n ).(5.6)

Regarding to the previous determinant representation of the monic orthogonal poly-

nomials πN(z) we have

πN(z) = πMn+ν(z) = zνp(ν,M)
n (zM),(5.7)
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where N = Mn + ν and n = [N/M ].

Putting (5.7), with N = Mn + ν, in (5.2) we obtain:

Theorem 5.6. The monic polynomials p
(ν,M)
n (t) (ν ∈ {0, 1, . . . ,M − 1}) satisfy the

three-term recurrence relation

p
(ν,M)
n+1 (t) = (t − αMn+ν)p

(ν,M)
n (t) − βMn+νp

(ν,M)
n−1 (t), n = 0, 1, . . . ,

p
(ν,M)
−1 (t) = 0, p

(ν,M)
0 (t) = 1,

with recurrence coefficients as in (5.3).

5.2. Orthogonality of polynomials p
(ν,M)
n (t)

The following orthogonality holds:

Theorem 5.7. Let {πN(z)}+∞

N=0 be a sequence of orthogonal polynomials with respect

to the inner product defined on M rays in the complex plane by (5.1) and let p
(ν,M)
n (t)

be polynomials determined by (5.6). For any ν ∈ {0, 1, . . . ,M − 1}, the sequence of

polynomials {p
(ν,M)
n (t)}+∞

n=0 is orthogonal on (0, rM) with respect to the weight function

t 7→ Ων,M(t) defined by

Ων,M(t) = t(2ν−M+1)/Mω(t1/M).(5.8)

Proof. Let N = Mn + ν, n = [N/M ], and K = Mk + ν, k = [K/M ]. Consider the

inner product

(πN , πK) =

∫ r

0

(

M
∑

s=1

πN(xεs)πK(xεs)

)

ω(x) dx,

which can be reduced to

(πN , πK) =

∫ r

0

(

M
∑

s=1

εN
s πN(x)ε−K

s πK(x)

)

ω(x) dx

=

(

M
∑

s=1

εN−K
s

)

∫ r

0

πN(x)πK(x) ω(x) dx

= M

∫ r

0

x2νp(ν,M)
n (xM)p

(ν,M)
k (xM) ω(x) dx,
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using Lemmas 5.1 and 5.2, as well as (5.7). Changing variable xM = t in the last

integral, we conclude that

(πN , πK) = (πMn+ν , πMk+ν) =

∫ rM

0

p(ν,M)
n (t)p

(ν,M)
k (t)Ων,M(t) dt = 0, n 6= k,

where Ων,M(t) is given by (5.8). ✷

As we can see, the question of the existence of the polynomials πN(z) is reduced to

the existence of polynomials p
(ν,M)
n (t), orthogonal on (0, rM) with respect to the weight

function Ων,M(t), for every ν = 0, 1, . . . ,M − 1.

5.3. The case M = 2m

Let the number of the rays be even, M = 2m. Then, as we mentioned on the

beginning of this section, the inner product (5.1) has the property (zmf, g) = (f, zmg)

(ρ = m in Lemma 3.1). Starting from Theorem 3.2 we can prove the following result

(see [11]):

Theorem 5.8. Let M = 2m and the inner product ( · , · ) be given by (5.1). The

corresponding monic orthogonal polynomials {πN(z)}+∞
N=0 satisfy the recurrence relation

πN+m(z) = zmπN(z) − bNπN−m(z), N ≥ m,(5.9)

πN(z) = zN , N = 0, 1, . . . , 2m − 1,

where

bN =
(πN , zmπN−m)

(πN−m, πN−m)
=

‖πN‖
2

‖πN−m‖2
.(5.10)

There is a connection between this relation and (5.2). Namely, using (5.9) one can

get the recurrence relation (5.2), where

αN = bN + bN+m, βN = bNbN−m.

We consider now a simple case when M = 4, r = 1, and ω(x) = 1. The inner

product (5.1) then becomes

(f, g) =

∫ 1

0

[

f(x)g(x) + f(ix)g(ix) + f(−x)g(−x) + f(−ix)g(−ix)
]

dx.
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Using the moments determinants (see Section 2), we can calculate directly the coeffi-

cient bN , given by (5.10),

b4n+ν =















16n2

(8n + 2ν − 3)(8n + 2ν + 1)
if ν = 0, 1,

(4n + 2ν − 3)2

(8n + 2ν − 3)(8n + 2ν + 1)
if ν = 2, 3.

(5.11)

Now, applying the recurrence relation (5.9), i.e.,

πN+2(z) = z2πN(z) − bNπN−2(z), N = 2, 3, . . . ,

π0(z) = 1, π1(z) = z, π2(z) = z2, π3(z) = z3,

with (5.11), we obtain the corresponding sequence of orthogonal polynomials:

1, z, z2, z3, z4 −
1

5
, z5 −

3

7
z, z6 −

5

9
z2, z7 −

7

11
z3, z8 −

10

13
z4 +

5

117
, . . . .

5.4. Differential equation

Using (5.7) we can prove (see [13]):

Theorem 5.9. If the polynomial p
(ν,M)
n (t) (ν ∈ {0, 1, . . . ,M − 1}), defined by (5.6),

satisfies a differential equation of the form

a(ν,M)(t)y′′ + b(ν,M)(t)y′ + c(ν,M)(t, n)y = 0,

then the polynomial πMn+ν(z) satisfies the following linear differential equation of the

second order

A(ν,M)(z)Y ′′ + B(ν,M)(z)Y ′ + C(ν,M)(z,N)Y = 0,

where

A(ν,M)(z) = a(ν,M)(zM)z2,

B(ν,M)(z) =
[

Mb(ν,M)(zM)zM − (M + 2ν − 1)a(ν,M)(zM)
]

z,

C(ν,M)(z,N) = M2c(ν,M)
(

zM , (N − ν)/M
)

z2M − νMb(ν,M)(zM)zM

+ν(ν + M)a(ν,M)(zM).
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5.5. Zeros

Theorem 5.10. Let N = Mn + ν, n = [N/M ], ν ∈ {0, 1, . . . ,M − 1} and let the

inner product be given by (5.1). Then, all zeros of the polynomial πN(z) are simple

and located symmetrically on the radial rays ℓs, s = 0, 1, . . . ,M − 1, with the possible

exception of a multiple zero of order ν at the origin z = 0.

The proof is based on (5.7). Let τ
(n,ν)
k , k = 1, . . . , n, denote the zeros of p

(ν,M)
n (t)

in an increasing order, τ
(n,ν)
1 < τ

(n,ν)
2 < · · · < τ

(n,ν)
n . It is clear that each zero τ

(n,ν)
k

generates M zeros

z
(n,ν)
k,s =

M

√

τ
(n,ν)
k ei2π(s−1)/M , s = 1, 2, . . . ,M,

of the polynomial πN(z). Thus, on every ray we have

|z
(n,ν)
1,s | < |z

(n,ν)
2,s | < · · · < |z(n,ν)

n,s |, s = 1, 2, . . . ,M.

As an example see Figure 4.1 (left).

6. Analogue of Some Classical Polynomials

In this section we consider two cases of polynomials orthogonal on the radial

rays with respect to the inner product (5.1), which are connected with some classical

orthogonal polynomials. Namely, for polynomials p
(ν,M)
n (t) in the representation (5.7)

we take the Jacobi and the generalized Laguerre polynomials. In such a way we obtain

two classes of polynomials named as the M-generalized Gegenbauer polynomials and

the M-generalized Hermite polynomials.

6.1. The M-generalized Gegenbauer polynomials

Let r = 1 and the weight function x 7→ ω(x) in (5.1) be given by

ω(x) = (1 − xM)αxMγ , α > −1, γ > −
1

M
.(6.1)
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Then for any ν ∈ {0, 1, . . . ,M − 1}, according to Theorem 5.7, the sequence of

polynomials {p
(ν,M)
n (t)}+∞

n=0 is orthogonal on (0, 1) with respect to the weight func-

tion t 7→ Ων,M(t) = (1 − t)αtγ+(2ν−M+1)/M (the Jacobi weight transformed to (0, 1)).

Thus, we have the following result:

Theorem 6.1. The monic polynomials {πN(z)}+∞
N=0 orthogonal with respect to the inner

product (5.1), with the weight function (6.1), can be expressed in the form

πN(z) = 2−nzνP̂ (α,βν)
n (2zM − 1), N = Mn + ν, n = [N/M ],(6.2)

where ν ∈ {0, 1, . . . ,M−1}, βν = γ+(2ν−M +1)/M , and P̂
(α,β)
n (x) denotes the monic

Jacobi polynomial orthogonal on (−1, 1) with respect to the weight x 7→ (1−x)α(1+x)β.

For M = 2 the weight (6.1) reduces to the generalized Gegenbauer weight ω(x) =

(1 − x2)α|x|2γ , taking the integral in the inner product over (−1, 1). It is a reason to

call the polynomials πN(z) as the M-generalized Gegenbauer polynomials.

Starting from the Jacobi differential equation and Theorem 5.9 we get (see [12]):

Theorem 6.2. Let N = Mn + ν, n = [N/M ], ν ∈ {0, 1, . . . ,M − 1}. The polynomial

πN(z) orthogonal with respect to the inner product (5.1), with r = 1 and the weight

function (6.1), satisfy a second order linear homogeneous differential equation of the

form

(1 − zM)z2Y ′′ + C(z)zY ′ + (AzM − B)Y = 0,(6.3)

where A = N [N + M(α + γ) + 1], B = ν[ν + M(γ − 1) + 1], and

C(z) = M(γ − 1) + 2 − (M(α + γ) + 2)zM .

If we take M = 2m the polynomials πN(z) satisfy the recurrence relation (5.9),

with recursion coefficients (see [11])

b2mn+ν =















n(n + α)
(2n + α + βν)(2n + α + βν + 1)

if 0 ≤ ν ≤ m − 1,

(n + βν)(n + α + βν)
(2n + α + βν)(2n + α + βν + 1)

if m ≤ ν ≤ 2m − 1.

(6.4)



orthogonal polynomials on the radial rays

6.2. The M-generalized Hermite polynomials

We take now r = +∞ and

ω(x) = xMγ exp(−xM), γ > −1/M.(6.5)

In the same way as before, we can state the following result:

Theorem 6.3. The monic polynomials {πN(z)}+∞
N=0 orthogonal with respect to the inner

product (5.1), with the weight function (6.5) on (0, +∞), can be expressed in the form

πN(z) = zνL̂(αν)
n (zM), N = Mn + ν, n = [N/M ],

where ν ∈ {0, 1, . . . ,M − 1}, αν = γ + (2ν −M + 1)/M , and L̂
(s)
n (t) denotes the monic

generalized Laguerre polynomial orthogonal with respect to t 7→ tse−t on (0, +∞).

In the case M = 2, the corresponding weight is the generalized Hermite weight on

(−∞, +∞), i.e., ω(x) = |x|2γ exp(−x2). As in the previous subsection we can get the

corresponding differential equation, as well as the recurrence relation when M is an

even number (see [10, 11, 12]).

7. Remarks on Some Applications

At first we mention a physical problem connected to a non-linear diffusion equa-

tion. The equations for the dispersion of a buoyant contaminant can be approximated

by the Erdogan-Chatwin equation

∂tc = ∂y

{[

D0 + (∂yc)
2D2

]

∂yc
}

,(7.1)

where D0 is the dispersion coefficient appropriate for neutrally-buoyant contaminants,

and the D2 term represents the increased rate of dispersion associated with the buoyan-

cy-driven currents (cf. [16]). The same equation was derived also by other authors for

other physical contexts.
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Smith [16] obtained analytic expressions for the similarity solutions of the equation

(7.1) in the limit of strong non-linearity (D0 = 0), i.e.,

∂tc = D2∂y

[

(∂yc)
3
]

,

both for a concentration jump and for a finite discharge. He also investigated the

asymptotic stability of these solutions. It is interesting that the stability analysis for

the finite discharge involves a family of orthogonal polynomials YN(z), such that

(1 − z4)Y ′′
N − 6z3Y ′

N + N(N + 5)z2YN = 0.(7.2)

The degree N is restricted to the values 0, 1, 4, 5, 8, 9, . . ., so that the first few (monic)

polynomials are:

1, z, z4 −
1

3
, z5 −

5

11
z, z8 −

14

17
z4 +

21

221
, z9 −

18

19
z5 +

3

19
z, . . . .(7.3)

It is easy to see that these polynomials are a special case of polynomials orthogonal

on the radial rays in the complex plane. Namely, if we take four symmetric rays

(M = 4), the inner product (5.1), and the weight function (6.1), with α = γ = 1/2,

i.e., ω(x) = (1 − x4)1/2x2, using Theorem 6.1 or (6.4), for m = 2, we get the following

sequence of orthogonal polynomials:

1, z, z2, z3, z4 −
1

3
, z5 −

5

11
z, z6 −

7

13
z2, z7 −

3

5
z3, z8 −

14

17
z4 +

21

221
, . . . .

As we can see, this polynomial sequence contains the sequence (7.3), i.e., the polyno-

mials YN(z) are just our polynomials πN(z) for the particular values α = γ = 1/2.

Notice that our sequence of polynomials is complete. Also, we see that our differential

equation (6.3), in this special case, becomes

(1 − z4)Y ′′ − 6z3Y ′ + [N(N + 5)z2 − ν(ν − 1)z−2]Y = 0,

where N = 4n + ν, ν ∈ {0, 1, 2, 3}. Evidently, for N = 4n and N = 4n + 1 (n ∈ N0),

this equation reduces to equation (7.2) derived by Smith [16]. Some similar differential

equations with polynomial solutions were also obtained by Smith [18].
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As a second example we give an electrostatic interpretation of the zeros of polyno-

mials πN(z) on the symmetric radial rays in the complex plane. The first electrostatic

interpretation of the zeros of Jacobi polynomials was given by Stieltjes in 1885 (see

[19, 20] for details). Stieltjes considered an electrostatic problem with particles of

charge p and q (p, q > 0) fixed at x = 1 and x = −1, respectively, and n unit charges

confined to the interval [−1, 1] at points x1, x2, . . . , xn. Assuming a logarithmic poten-

tial, he proved that the electrostatic equilibrium arises when xk are zeros of the Jacobi

polynomial P
(2p−1,2q−1)
n (x). In that case, the Hamiltonian

H(x1, x2, . . . , xn) = −
n
∑

k=1

(

log(1 − xk)
p + log(1 + xk)

q
)

−
∑

1≤k<j≤n

log |xk − xj|

becomes a minimum. This minimum is indeed the unique global minimum (see Szegő

[21, p. 140]). Obviously, H(x1, x2, . . . , xn) can be interpreted as the energy of the

previous electrostatic system.

In the last time it was appeared several papers in this direction. Forrester and

Rogers [3] gave an interpretation of zeros of the classical polynomials as the equilibrium

positions of two-dimensional electrostatic problems. Also, Hendriksen and Rossum [6]

considered an electrostatic interpretation of zeros of classical orthogonal polynomials,

including Bessel polynomials, as well as some polynomials introduced by Smith [16],

[18]. We mention also the papers of Grunbaum [5], Dimitrov and Van Assche [2], and

Ismail [8, 9]. Recently, the electrostatic interpretation of the zeros was also exploited

to obtain interpolation points suitable for approximation of smooth functions defined

on a simplex (see Hesthaven [7]).

We consider now a symmetric electrostatic problem with M positive point charges

all of strength q which are placed at the fixed points

ξs = exp
(2(s − 1)πi

M

)

(s = 1, 2, . . . ,M)(7.4)

and a charge of strength p (> −(M−1)/2) at the origin z = 0. Also we have N positive

free unit charges, positioned at z1, z2, . . ., zN . Assuming a logarithmic potential, it is

interesting to find these points in electrostatic equilibrium.
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As in [12] we are interested only in solutions with the rotational symmetry. Putting

πN(z) =
N
∏

k=1

(z−zk) and N = Mn+ν, n = [N/M ], we can get the following differential

equation for this polynomial,

z2(1 − zM) π′′
N(z) + 2

[

p − (Mq + p)zM
]

zπ′
N(z)

+
{

N [N − 1 + 2(Mq + p)] zM − ν(ν + 2p − 1)
}

πn(z) = 0.

Comparing this equation with (6.3) (Theorem 6.2) we obtain:

Theorem 7.1. An electrostatic system of M positive point charges all of strength

q, which are placed at the fixed points ξs given by (7.4), and a charge of strength p

(> −(M − 1)/2) at the origin z = 0, as well as N positive free unit charges, positioned

at z1, z2, . . ., zN , is in electrostatic equilibrium if these points zk are zeros of the

polynomial πN(z) orthogonal with respect to the inner product (5.1), with the weight

function w(x) = (1 − xM)2q−1xM+2(p−1). This polynomial can be expressed in terms of

the monic Jacobi polynomials

πN(z) = 2−nzνP̂ (2q−1,(2p+2ν−1)/M)
n (2zM − 1),

where N = Mn + ν, n = [N/M ].

REFERENCES

[1] Chihara, T. S., An Introduction to Orthogonal Polynomials, Gordon and Breach,
New York, 1978.
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